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The Weinberg Propagators
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Abstract. An analog of the j = 1/2 Feynman-Dyson propagator is presented in the framework of
the j = 1 Weinberg’s theory. The basis for this construction is the concept of the Weinberg field
as a system of four field functions differing by parity and by dual transformations.
Accordingly to the Feynman-Dyson-Stueckelberg ideas, a causal propagator has to be
constructed by using the formula (e. g., ref. [1, p.91])
SF (x2, x1) =
∫
d3k
(2π)3
m
Ek
[
θ(t2 − t1) a uσ(k)⊗ uσ(k)e−ikx+
+ θ(t1 − t2) b vσ(k)⊗ vσ(k)eikx
]
, (1)
x = x2 − x1. In the j = 1/2 Dirac theory it results to
SF (x) =
∫
d4k
(2π)4
e−ikx
kˆ +m
k2 −m2 + iǫ , (2)
provided that the constant a and b are determined by imposing
(i∂ˆ2 −m)SF (x2, x1) = δ(4)(x2 − x1) , (3)
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namely, a = −b = 1/i .
However, attempts to construct the covariant propagator in this way have failed in the
framework of the Weinberg theory, ref. [2], which is a generalization of the Dirac’s ideas to
higher spins. For instance, on the page B1324 of ref. [2] Weinberg writes:
“Unfortunately, the propagator arising from Wick’s theorem is NOT equal to the covariant
propagator except for j = 0 and j = 1/2. The trouble is that the derivatives act on the
ǫ(x) = θ(x)−θ(−x) in ∆C(x) as well as on the functions2 ∆ and ∆1. This gives rise to extra
terms proportional to equal-time δ functions and their derivatives. . .The cure is well known:
. . . compute the vertex factors using only the original covariant part of the Hamiltonian H;
do not use the Wick propagator for internal lines; instead use the covariant propagator.
The propagator, recently proposed in refs. [4, 5] (see also ref. [3]), is the causal prop-
agator. However, the old problem remains: the Feynman-Dyson propagator is not the
Green’s function of the Weinberg equation. As mentioned, the covariant propagator pro-
posed by Weinberg propagates kinematically spurious solutions [5]. . . The aim of my paper
is to consider the problem of constructing the propagator in the framework of the model
given in [6, 7]. The concept of the Weinberg field “doubles” has been proposed there. It
is based on the equivalence between a Weinberg field and an antisymmetric tensor field,
ref. [6], which can be described by Fµν and its dual F˜µν . These field functions may be used
to form a parity doublet. An essential ingredient of the consideration of ref. [7] is the idea of
combining the Lorentz and the dual transformation. This idea, in fact, has been proposed in
refs. [3, 4]. An example of such combining is a Bargmann-Wightman-Wigner-type quantum
field theory, ref. [3b].
The set of four equations has been proposed in ref. [6]. For the functions ψ
(1)
1 and ψ
(1)
2 ,
connected with the first one by the dual (chiral, γ5) transformation, the equations are
(γµνpµpν +m
2)ψ
(1)
1 = 0 , (4)
(γµνpµpν −m2)ψ(1)2 = 0 . (5)
For the field functions connected with ψ
(1)
1 and ψ
(1)
2 by γ5γ44 transformations the set of
equations is written: [
γ˜µνpµpν −m2
]
ψ
(2)
1 = 0 , (6)[
γ˜µνpµpν +m
2
]
ψ
(2)
2 = 0 , (7)
where γ˜µν = γ44γµνγ44 is connected with the Barut-Muzinich-Williams j = 1 matrices [8].
In the cited papers I have used the plane-wave expansion
ψ1(x) =
∑
σ
∫
d3p
(2π)3
1
m
√
2Ep
[
uσ1(~p)aσ(~p)e
ipx + vσ1 (~p)b
†
σ(~p)e
−ipx
]
, (8)
2In the cited paper ∆1(x) ≡ i [∆+(x) + ∆+(−x)] and ∆(x) ≡ ∆+(x)−∆+(−x) have been used. i∆+(x) ≡
1
(2pi)3
∫
d3p
2Ep
exp(ipx) is a particle Green’s function.
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ψ2(x) =
∑
σ
∫
d3p
(2π)3
1
m
√
2Ep
[
uσ2(~p)cσ(~p)e
ipx + vσ2 (~p)d
†
σ(~p)e
−ipx
]
, (9)
where Ep =
√
~p 2 +m2, in order to prove that one can describe a j = 1 quantum particle
with transversal components in the framework of the Weinberg and/or of the antisymmetric
tensor theory.
The corresponding bispinors in the momentum space coincide with the Tucker-Hammer
ones within a normalization.3 Their explicit form is
u
σ (1)
1 (~p) = v
σ (1)
1 (~p) =
1√
2


[
m+ ( ~J~p) + (
~J~p)2
(E+m)
]
ξσ[
m− ( ~J~p) + ( ~J~p)2
(E+m)
]
ξσ

 , (10)
and
u
σ (1)
2 (~p) = v
σ (1)
2 (~p) =
1√
2


[
m+ ( ~J~p) + (
~J~p)2
(E+m)
]
ξσ[
−m+ ( ~J~p)− ( ~J~p)2
(E+m)
]
ξσ

 . (11)
Thus, u
(1)
2 (~p) = γ5u
(1)
1 (~p) and u
(1)
2 (~p) = −u(1)1 (~p)γ5.
Bispinors
u
σ (2)
1 (~p) = v
σ (2)
1 (~p) =
1√
2


[
m− ( ~J~p) + ( ~J~p)2
(E+m)
]
ξσ[
−m− ( ~J~p)− ( ~J~p)2
(E+m)
]
ξσ

 , (12)
u
σ (2)
2 (~p) = v
σ (2)
2 (~p) =
1√
2


[
−m+ ( ~J~p)− ( ~J~p)2
(E+m)
]
ξσ[
−m− ( ~J~p)− ( ~J~p)2
(E+m)
]
ξσ

 (13)
satisfy Eqs. (6) and (7) written in the momentum space. Thus, u
(2)
1 (~p) = γ5γ44u
(1)
1 (~p),
u
(2)
1 = u
(1)
1 γ5γ44, u
(2)
2 (~p) = γ5γ44γ5u
(1)
1 (~p) and u
(2)
2 (~p) = −u(1)1 γ44.
Let me check, if the sum of four equations (x = x2 − x1)
[
γµν∂µ∂ν −m2
] ∫ d3p
(2π)32Ep
[
θ(t2 − t1) a uσ (1)1 (p)⊗ uσ (1)1 (p)eipx+
+θ(t1 − t2) b vσ (1)1 (p)⊗ vσ (1)1 (p)e−ipx
]
+
+
[
γµν∂µ∂ν +m
2
] ∫ d3p
(2π)32Ep
[
θ(t2 − t1) a uσ (1)2 (p)⊗ uσ (1)2 (p)eipx+
+θ(t1 − t2) b vσ (1)2 (p)⊗ vσ (1)2 (p)e−ipx
]
+
3They also coincide with the bispinors of Ahluwalia et al., ref. [4], within a unitary transformation.
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+
[
γ˜µν∂µ∂ν +m
2
] ∫ d3p
(2π)32Ep
[
θ(t2 − t1) a uσ (2)1 (p)⊗ uσ (2)1 (p)eipx+
+θ(t1 − t2) b vσ (2)1 (p)⊗ vσ (2)1 (p)e−ipx
]
+
+
[
γ˜µν∂µ∂ν −m2
] ∫ d3p
(2π)32Ep
[
θ(t2 − t1) a uσ (2)2 (p)⊗ uσ (2)2 (p)eipx+
+θ(t1 − t2) b vσ (2)2 (p)⊗ vσ (2)2 (p)e−ipx
]
= δ(4)(x2 − x1) (14)
can be satisfied by the definite choice of a and b. The relation ui(p) = vi(p) for bispinors
in the momentum space had been also used in ref. [7, 9]. In the process of calculations I
assume that the set of“Pauli spinors”4 is the complete set and it is normalized to δσσ′ .
The simple calculations yield
∂µ∂ν
[
a θ(t2 − t1) eip(x2−x1) + b θ(t1 − t2) e−ip(x2−x1)
]
=
= − [a pµpνθ(t2 − t1) exp [ip(x2 − x1)] + b pµpνθ(t1 − t2) exp [−ip(x2 − x1)]] +
+ a [−δµ4δν4δ ′(t2 − t1) + i(pµδν4 + pνδµ4)δ(t2 − t1)] exp [i~p(~x2 − ~x1)] +
+ b [δµ4δν4δ
′(t2 − t1) + i(pµδν4 + pνδµ4)δ(t2 − t1)] exp [−i~p(~x2 − ~x1)] ; (15)
and
u
(1)
1 u
(1)
1 =
1
2
(
m2 Sp ⊗ Sp
Sp ⊗ Sp m2
)
, u
(1)
2 u
(1)
2 =
1
2
( −m2 Sp ⊗ Sp
Sp ⊗ Sp −m2
)
, (16)
u
(2)
1 u
(2)
1 =
1
2
( −m2 Sp ⊗ Sp
Sp ⊗ Sp −m2
)
, u
(2)
2 u
(2)
2 =
1
2
(
m2 Sp ⊗ Sp
Sp ⊗ Sp m2
)
, (17)
where
Sp = m+ ( ~J~p) +
( ~J~p)2
E +m
, (18)
Sp = m− ( ~J~p) +
( ~J~p)2
E +m
. (19)
Due to [
Ep − ( ~J~p)
]
Sp ⊗ Sp = m2
[
Ep + ( ~J~p)
]
,[
Ep + ( ~J~p)
]
Sp ⊗ Sp = m2
[
Ep − ( ~J~p)
]
.
one can conclude: the generalization of the notion of causal propagators is admitted by using
“Wick’s formula” for the time-ordered particle operators provided that a = b = 1/4im2. It
is necessary to consider all four equations, Eqs. (4)-(7).
The j = 1 analogues of the formula (2) for the Weinberg propagators follow from the
formula (3.6) of ref. [4] immediately:5
S
(1)
F (p) ∼ −
1
i(2π)4(p2 +m2 − iǫ)
[
γµνpµpν −m2
]
, (20)
4I mean their analogues in the (1, 0) or (0, 1) spaces.
5Please do not forget that I use the Euclidean metric as in my previous papers.
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S
(2)
F (p) ∼ −
1
i(2π)4(p2 +m2 − iǫ)
[
γµνpµpν +m
2
]
, (21)
S
(3)
F (p) ∼ −
1
i(2π)4(p2 +m2 − iǫ)
[
γ˜µνpµpν +m
2
]
, (22)
S
(4)
F (p) ∼ −
1
i(2π)4(p2 +m2 − iǫ)
[
γ˜µνpµpν −m2
]
. (23)
It is interesting to note that the causal propagator consisting of four terms, four parts,
four propagators has been met earlier. Namely, in the bound state theory. You may compare
the propagators which is above with the Green’s function for the two-fermion system, ref. [10,
11]:6
G0 = i(2π)
4δ(p− q)S1(p1)S2(p2) , (24)
Si = −
[
Λ+i (~pi)(p0i − Eip + iǫ)−1 + Λ−i (~pi)(p0i + Eip + iǫ)−1
]
γi0 , (25)
Λ±i are the projection operators.
We should use the obtained set of Weinberg propagators (20,21,22,23) in perturbation
calculus of scattering amplitudes. In ref. [13] the amplitude for the interaction of two 2(2j+
1) bosons has been obtained on the basis of the use of one field only and it is obviously
incomplete, see also ref. [9]. But, it is interesting that the spin structure has proved there
not to be changed regardless we consider the two-Dirac-fermion interaction or the two-
Weinberg(j = 1)-boson interaction. However, the denominator slightly differs (1/~∆2 →
1/2m(∆0 − m)) in the cited papers [13] from the fermion-fermion case. More accurate
consideration of the fermion-boson and boson-boson interactions in the framework of the
Weinberg theory is in progress.
The conclusions are: one can construct an analog of the Feynman-Dyson propagator for
the 2(2j + 1) model and, hence, a “local” theory provided that the Weinberg states are
“quadrupled” (j = 1 case).
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